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The role of hidden symmetries and Kaluza-Klein mass generation in
extra-dimensional gauge theories
H. Novales-Sa´nchez and J. J. Toscano
Facultad de Ciencias F´ısico Matema´ticas, Beneme´rita Universidad
Auto´noma de Puebla, Apartado Postal 1152 Puebla, Puebla, Me´xico
The transition from formulations with extra dimensions to Kaluza-Klein theories, aimed at ex-
tending the Standard Model, bears the ingredients of hidden symmetries and the Kaluza-Klein
mechanism for mass generation. We explore these essential aspects in detail, and find that much
can be said about them with no reference to the specific geometry of compact extra dimensions:
the low-energy theory is determined, included dynamic variables and symmetries; mass terms arise;
eigenfunctions that define Kaluza-Klein fields are fixed by the appropriate choice a Casimir invariant;
there is a set of Kaluza-Klein pseudo-Goldstone bosons. Throughout our presentation, similarities
and differences among spontaneous symmetry breaking, commonly present in conventional Standard
Model extensions, and what happens in Kaluza-Klein theories are signaled and discussed.
PACS numbers: 11.10.Kk, 04.50.Cd, 11.30.Cp
It has been a long time since Kaluza and Klein first explored the possibility that the number of spacetime dimensions
is greater than 4 [1, 2]. After a silent long period, an increasing interest of the scientific community in extra dimensions
started with its implementation in superstring theory [3–5]. Shortly after, extra-dimensional phenomenology attracted
great attention with the proposal of models of large extra dimensions [6, 7], warped extra dimensions [8], and universal
extra dimensions [9]. Standard Model (SM) extensions in extra dimensions yield Kaluza-Klein (KK) theories, defined
in terms of 4-dimensional dynamic variables and symmetries, which is achieved by a procedure that involves two main
features: hidden symmetries and the mass-generating Kaluza-Klein mechanism (KKM). Subtle and complex scenarios
of fundamental physics are elegantly described by hidden symmetries [10]. Spontaneous symmetry breaking (SSB)
merge with this powerful concept to become the very essence of the Englert-Higgs mechanism (EHM) [11, 12] and a
cornerstone of the SM. The hiding of a symmetry is just a change of perspective, so it is implemented by canonical
transformations, which, due to the Dirac algorithm [13–15], suggests that gauge symmetry should be preserved, at
least, in the sense of a Lie group, though defined in a different spacetime and thus associated to different connections.
Moreover, when passing to the 4-dimensional viewpoint, in which extra-dimensional spacetime has been hidden by
some compactification scheme, some connections manifest as matter fields; with no protecting symmetry they can
become massive. The assumption of compactness of extra dimensions generates masses, independently of the specific
geometry of extra dimensions. A conspicuous difference among the EHM and the KKM is that mass generation in
the former requires the introduction of extra degrees of freedom, which are independent of gauge symmetry, whereas
the masses produced by the KKM come straightforwardly from gauge curvatures, that is, KK masses have a gauge
origin and in that sense we may call them gauge masses.
Consider an effective field theory that is characterized by the action
S[AaM ] =
∫
d4+nx

−1
4
FaMN (x, x¯)F
MN
a (x, x¯) +
∞∑
k=1
∑
jk
αjk
Λk
Ljk(F ,DF)

 , (1)
defined on the (4+n)-dimensional spacetime manifoldM4+n =M4×Nn, withM4 the usual 4-dimensional spacetime
and Nn an n-dimensional spatial flat manifold. This theory is governed by the Poincare´ group ISO(1, 3 + n) and
the gauge group SU(N,M4+n). Here, d4+nx = d4x dnx¯, x ∈ M4, x¯ ∈ Nn, and M = µ, µ¯, with µ = 0, 1, 2, 3
and µ¯ = 5, · · · , 4 + n. We use gMN = diag(+1,−1, · · · ,−1). The Yang-Mills (YM) curvatures FaMN (x, x¯) are
written in terms of the SU(N,M4+n) connections, AaM (x, x¯), and the dimensionful coupling constant g(4+n). This
extra-dimensional description is not renormalizable in the Dyson’s sense, so it includes an infinite number of gauge-
invariant terms Ljk , of all possible canonical dimensions d = 4 + n + k and which are suppressed by inverse powers
of an unknown high-energy scale Λ. The building blocks of the whole theory are YM curvatures and covariant
derivatives operating on them. The terms of lowest canonical dimension form a (4 + n)-dimensional replica of the
YM theory in 4 dimensions. Throughout the present paper, we center our discussion in this extra-dimensional YM
theory. Experiments are compatible with extra-dimensional theories if the extra dimensions are small enough, which
defines a compactification scale, here denoted by R−1. At high energies, far above R−1, the action S[AaM ] is governed
by the symmetry group ISO(1, 3 + n). We assume that the sizes of the extra dimensions are so large compared with
the distance domain explored at such energies that they can be considered infinite. To describe physical phenomena
2at lower energies, where the compactness of the extra dimensions becomes apparent, we need to hide the symmetry
ISO(1, 3+ n) into ISO(1, 3), by which we do not mean moving from one theory to another but rather focusing on the
same theory from another perspective. Thus ISO(1, 3+n) 7→ ISO(1, 3) occurs through canonical transformations. It is
opportune emphasizing that the hiding of the symmetry ISO(1, 3+n) into ISO(1, 3) must be compactification-scheme
independent. Hidden symmetries are common to all theories in which a map G 7→ H , from a group G to any non-
trivial subgroup H ⊂ G occurs, as it is the case of the EHM in the SM and, in general, in SSB. In conventional SM
extensions, canonical maps that hide symmetries connect two different Lie groups, both defined on the same spacetime
manifold. In extra-dimensional theories the map occurs between two different spacetime manifolds, but preserve Lie
gauge groups. So, SU(N,M4+n) and SU(N,M4) coincide as Lie groups, but differ as gauge groups, since their
connections are different. Moreover, from the ISO(1, 3) viewpoint some connections of the extra-dimensional gauge
group appear in tensor representations, which shall be quite relevant for our discussion, below, on mass generation.
To carry out the program of hidding the symmetry, we start by mapping covariant objets of SO(1, 3 + n) into
covariant objects of its subgroups SO(1, 3) and SO(n): SO(1, 3 + n) 7→ {SO(1, 3), SO(n)}, which means
AaM (x, x¯) 7→ {A
a
µ(x, x¯), A
a
µ¯(x, x¯)} , (2)
FaMN (x, x¯) 7→ {F
a
µν(x, x¯), F
a
µν¯(x, x¯), F
a
µ¯ν¯(x, x¯)} , (3)
with Aaµ(x, x¯) and A
a
µ¯(x, x¯) transforming, respectively, as 1-form (0-form) and 0-form (1-form) under SO(1, 3) (SO(n)).
Moreover, Faµν(x, x¯), F
a
µν¯(x, x¯), and F
a
µ¯ν¯(x, x¯) respectively transform as 2-form (0-form), 1-form (1-form), and 0-
form (2-form) under SO(1, 3) (SO(n)). At the phase space, the point transformation (2) is elevated to a canonical
transformation. The YM action term, which is the first term of Eq. (1), becomes
SYM = −
1
4
∫
d4+nx
(
FaµνF
aµν − 2Faµν¯F
aµ
ν¯ + F
a
µ¯ν¯F
aµ¯ν¯
)
. (4)
To move completely from ISO(1, 3+n) to ISO(1, 3) we need to get rid of all x¯-coordinate dependence from the theory,
which is nontrivial because in the original theory these coordinates are labels that count degrees of freedom. To that
aim, we define another canonical map that hides any manifest dynamical role of the ISO(n) subgroup at low energies.
We assume that some compactification procedure on the Nn submanifold has been carried out, and we let {f (m)(x¯)}
be a complete set of orthogonal functions that are defined on the compact manifold. We develop our discussion by
maintaining the set {f (m)(x¯)} as general as possible, but keep in mind that, as we discuss below, any particular set is
associated to boundary conditions that characterize the geometry of the compact manifold. So, any particular choice
of this set is, to some extent, equivalent to pick an specific geometry of the compact manifold. In this context, the
connections and gauge parameters, αa(x, x¯), are expanded as
ϕA(x, x¯) =
∑
(m)
f (m)(x¯)ϕ
(m)
A (x) , (5)
where ϕA(x, x¯) = Aaµ(x, x¯), A
a
µ¯(x, x¯), α
a(x, x¯), while the 4-dimensional components along the direction f (m)(x), com-
monly referred to as KK modes, are ϕ
(m)
A (x) = A
(m)a
µ (x), A
(m)a
µ¯ (x), α
(m)a(x). In this expression, we have introduced
the KK index, which we denote by (m) = (m1,m2, . . . ,mn). Any underlined variable mj represents a discrete index
that can be either 0 or a natural number. The symbol
∑
(m), explicitly defined in Refs. [16], denotes a sum over all
possible KK indices (m). Since we assumed that the set of basis functions is complete, this map can be reversed as
ϕ
(m)
A (x) =
∫
dnx¯ f (m)(x¯)ϕA(x, x¯), (6)
which determines the fields that represent the degrees of freedom of the theory, after the canonical transforma-
tion. Thus in the right-hand side of map (5) the degrees of freedom are characterized by the infinite set of fields
{A
(m)a
µ , A
(m)a
µ¯ }, while the functions f
(m)(x¯) do not represent degrees of freedom. From Eq. (5), the fields A
(m)a
µ and
A
(m)a
µ¯ can be shown to transform, respectively, as a vector and as n scalars of SO(1, 3). Under map (5), the fundamental
Poisson’s brackets {ϕA(x, x¯), ΠB(x′, x¯′)} = δAB δ(x−x′) δ(x¯− x¯′) become {ϕ
(m)
A (x), pi
(n)
B (x
′)} = δAB δ(m)(n)δ(x−x′),
thus showing that this is a canonical map. This result is compactification-scheme independent; it only depends on
the completeness of the set {f (m)(x¯)}.
An assumption that has to be made in order to connect the new physics with the low-energy description is that
{f (m)(x¯)} includes the constant function, here denoted by f (0). As we show in a moment, the presence of this
function, which is the only one that lacks information about the geometric structure of the compact manifold, is
3crucial because f (0) defines the low-energy dynamic variables and the gauge parameters that define the gauge trans-
formations in 4 dimensions. To complete the change of perspective, from (4 + n) dimensions to 4 dimensions, the
4-dimensional SU(N,M4)-covariant objects must be identified. Remarkably, the SU(N,M4) transformations follow
from the inclusion of the constant function f (0). We start from the (4 + n)-dimensional infinitesimal transforma-
tions δAaM (x, x¯) = D
ab
Mα
b(x, x¯), and then we implement both canonical transformations to get, with the aid of the
orthogonality of {f (m)(x¯)}, the 4-dimensional transformations
δA(0)aµ = D
(0)ab
µ α
(0)a − gfabc
∑
(m)
A(m)cµ α
(m)b, (7)
δA(m)aµ = gf
abcA(m)bµ α
(0)c +
∑
(r)
D(mr)abµ α
(r)b (8)
δA
(0)a
µ¯ = gf
abcA
(0)b
µ¯ α
(0)c −
∑
(m)
(
gfabcA
(m)c
µ¯ − δ
ab
∫
dnx¯f (0)∂µ¯f
(m)
)
α(m)b, (9)
δA
(m)a
µ¯ = gf
abcA
(m)b
µ¯ α
(0)c − gfabcA
(0)c
µ¯ α
(m)b −
∑
(r)
D
(mr)ab
µ¯ α
(r)b, (10)
where g = f (0)g(4+n) is identified as the dimensionless coupling constant. In these expressions, D
(0)ab
µ = δab∂µ −
gfabcA
(0)c
µ , whereas the definitions of the differential operator D
(mr)ab
µ and the object D
(mr)ab
µ¯ can be found in Refs. [10,
16, 17]. If we set α(m)a = 0 in Eqs. (7) to (10), the parameters α(0)a, along the direction of f (0), are identified as
the gauge parameters that define the SU(N,M4) transformations under which A
(0)a
µ transforms as a gauge field, and
A
(m)a
µ , A
(0)a
µ¯ , A
(m)a
µ¯ transform as matter fields. We call these transformations the standard gauge transformations.
Similarly, the parameters α(m)a(x) define a set of non-standard gauge transformations, which is inherent to the
canonical transformation implemented to hide gauge symmetry, but which manifestly shows that there is a larger
gauge symmetry underlying the KK description. Within the BRST formalism [18], these parameters are central to
KK quantization [17, 19].
So far there is, besides the SU(N,M4) standard gauge field A
(0)a
µ , a set of n low-energy scalars A
(0)a
µ¯ , which we
wish to eliminate in order to ensure that the low-energy theory is no other than the YM theory in four dimensions.
Inspired by the evenness of f (0) under x¯ → −x¯, we assume that the compactification scheme is such that the whole
set {f (m)(x¯)} can be split into disjoint subsets of even functions, {f (0), f
(m)
E (x¯)}, and odd functions, {f
(m)
O (x¯)}. We
postulate that any field with standard counterpart is even, while fields without standard counterpart are odd. Then
we assume that the vectors Aaµ are even, while the scalars A
a
µ¯ are odd, and we assume that the gauge parameters α
a
are even. The canonical map (5) then reads
Aaµ(x, x¯) = f
(0)A(0)aµ (x) +
∑
(m)
f
(m)
E (x¯)A
(m)a
µ (x), (11)
Aaµ¯(x, x¯) =
∑
(m)
f
(m)
O (x¯)A
(m)a
µ¯ (x), (12)
αa(x, x¯) = f (0)α(0)a(x) +
∑
(m)
f
(m)
E (x¯)α
(m)a(x), (13)
where the KK sums run over all KK indices, except for (0). Clearly, the parity assignments leave only scalars A
(m)a
µ¯
with (m) 6= (0). The fields A
(m)a
µ and A
(m)a
µ¯ are known as the KK excitations of A
(0)a
µ .
Now we discuss the mass-generating KKM. The SU(N,M4) symmetry prevents the zero mode A
(0)
µ from acquiring
mass, but A
(m)a
µ and the scalars A
(m)a
µ¯ are tensorial representations of SU(N,M
4), so their masses are allowed by
this symmetry. Such masses must be proportional to the compactification scale R−1 in order for any physical effect
induced by these fields to decouple when R−1 ≫ v [20]. The (4 + n)-dimensional curvature components given in
4Eq. (3) inherit definite parities from the (4 + n)-dimensional fields Aaµ and A
a
µ¯, so they are mapped as
Faµν(x, x¯) = f
(0)F (0)aµν (x) +
∑
(m)
f
(m)
E (x¯)F
(m)a
µν (x), (14)
Faµν¯(x, x¯) =
∑
(m)
f
(m)
O (x¯)F
(m)a
µν¯ (x), (15)
Faµ¯ν¯(x, x¯) = f
(0)F
(0)
µ¯ν¯ (x) +
∑
(m)
f
(m)
E (x¯)F
(m)a
µ¯ν¯ (x). (16)
Then, integrating out the x¯ coordinates in the YM action (4) yields the effective LagrangianLYMeff = L
YM
v-v +L
YM
v-s +L
YM
s-s ,
with
LYMv-v = −
1
4
F (0)aµν F
(0)aµν −
1
4
∑
(m)
F (m)aµν F
(m)aµν , (17)
LYMv-s =
1
2
∑
(m)
F
(m)a
µν¯ (x)F
(m)aµ
ν¯ (x) , (18)
LYMs-s = −
1
4
F
(0)a
µ¯ν¯ F
(0)aµ¯ν¯ −
1
4
∑
(m)
F
(m)a
µ¯ν¯ F
(m)aµ¯ν¯ . (19)
The KK modes of the extra-dimensional curvatures are given by
F (0)aµν = F
(0)a
µν + gf
abc
∑
(m)
A(m)bµ A
(m)c
ν , (20)
F (m)aµν = D
(0)ab
µ A
(m)b
ν −D
(0)ab
ν A
(m)b
µ + gf
abc
∑
(rs)
∆(mrs)A
(r)b
µ A
(s)c
ν , (21)
F
(m)a
µν¯ = D
(0)ab
µ A
(m)b
ν¯ −
∑
(r)
p
(mr)
ν¯ A
(r)a
µ + gf
abc
∑
(rs)
∆′(mrs)A
(s)b
µ A
(r)c
ν¯ , (22)
F
(0)a
µ¯ν¯ = gf
abc
∑
(m)
A
(m)b
µ¯ A
(m)c
ν¯ , (23)
F
(m)a
µ¯ν¯ =
∑
(r)
(p
(mr)
µ¯ δν¯α¯ − p
(mr)
ν¯ δµ¯α¯)A
(r)a
α¯ + gf
abc
∑
(rs)
∆′(rsm)A
(r)b
µ¯ A
(s)c
ν¯ . (24)
Here, F
(0)
µν is the SU(N,M4) curvature (not a KK mode!), in terms of the connections A
(0)a
µ , meaning that LYMv-v ,
Eq. (17), contains the 4-dimensional YM Lagrangian, which is the low-energy theory. Besides this, LYMv-v comprises the
kinetic terms for the vector KK modes A
(m)a
µ and couplings of these matter fields with the connections. In this sense,
LYMv-v evokes the YM sector of the electroweak SM, after SSB, where the Ue(1) field and the massive W gauge boson
are, respectively, analogues of A
(0)a
µ and A
(m)a
µ . The factors ∆(rsm) and ∆
′
(rsm), which are sums of terms constituted
by products of Kronecker deltas, are properly defined in Ref. [16]. Furthermore, we have the object
p
(mr)
ν¯ =
∫
dnx¯ f
(m)
O (x¯)∂ν¯f
(r)
E (x¯), (25)
which appears in terms that are linear in the fields A
(m)a
µ , in Eq. (22), and A
(m)a
µ¯ , in Eq. (24). Since KK curvatures
lie quadratically in the terms that constitute the KK Lagrangian LYMeff , it turns out that p
(mr)
ν¯ , which does not involve
degrees of freedom, essentially determines the mass spectrum, once the set {f (m)(x¯)} has been chosen. Nevertheless,
note that we do not need to define a particular geometry of extra dimensions to generate KK mass terms. It is worth
emphasizing that no mass terms for the gauge field A
(0)a
µ are generated, so it consistently remains massless. Since the
mass terms for the KK vectors A
(m)a
µ emerge from Eq. (18) and the masses of KK scalars A
(m)a
µ¯ come from Eq. (19),
we note that LYMv-s and L
YM
s-s are analogues of the kinetic term and the scalar potential of the Higgs sector in the SM,
respectively. Such a resemblance is further established by inspecting the structure of the couplings in these lagrangian
5terms1. In the SM and in a variety of its extensions, masses are generated by SSB, but to do so the addition of
more degrees of freedom to the theory is required. For instance, in the SM a Higgs doublet, defining a whole scalar
sector, is introduced and, by the use of an appropriate scalar potential, gauge symmetry is broken, thus defining the
SM masses. By contrast, in the KKM masses have a gauge origin: from the sole extra-dimensional curvatures, and
without introducing extra degrees of freedom, compactification produces mass terms.
The structure of Eq. (25) suggests that the elements of {f (m)(x¯)} might be eigenfunctions of the differential op-
erator (−i ∂ν¯)2 = −∇¯2, whose representation in the ket space is the Casimir invariant Pν¯Pν¯ = P¯ 2, associated to
the inhomogeneous translations group ISO(n), with eigenkets |p¯〉: P¯ 2|p¯〉 = p¯2|p¯〉, where p¯ is an extra-dimensional
momentum eigenvalue. The extra-dimensional momentum operator Pν¯ is associated to an observable, so it is her-
mitian. Thus its eigenvalues pν¯ are real numbers, which means that the eigenvalues p¯
2 = pν¯pν¯ , of our Casimir
invariant, are positive quantities; this is a necessary requirement for p
(mr)
ν¯ , Eq. (25), to consistently define the KK
masses. Our criterion to choose a set of eigenfunctions {f (0), f
(m)
E (x¯), f
(m)
O (x¯)} consists in the selection of an extra-
dimensional observable, in this case the aforementioned Casimir invariant. Thus we identify f (m)(x¯) = 〈x¯|p¯(m)〉 as
wave eigenfunctions satisfying the Laplace equation ∇¯2f (m)(x¯) = −p¯2f (m)(x¯), for momenta defined in the compact
manifold Nn, with plane-wave solutions. At this point, we implement a compactification scheme, for which we assume
that each coordinate axis x¯j is coiled in a circle S1 of radius Rj . Since we need to define parity on the manifold,
we introduce the orbifold S1/Z2. Then, we assume that Nn is made of n copies of the orbifold S1/Z2, that is,
Nn = (S1/Z2)⊗· · ·⊗ (S1/Z2), with the orbifolds having radii R1, R2, . . . , Rn. Dirichlet and Neumann boundary con-
ditions respectively yield f
(m)
E (x¯) = cos
(
x¯ · p¯(m)
)
and f
(m)
O (x¯) = sin
(
x¯ · p¯(m)
)
, where p(m) = (m1/R1, . . . ,mn/Rn)
T
.
With this in mind, we define the quantity m2(m) ≡ p¯
(m)
ν¯ p¯
(m)
ν¯ =
∑n
k=1(mk/Rk)
2, which characterizes the eigenvalue
spectrum of P¯ 2. For simplicity, we take all radii equal, R1 = R2 = . . . = Rn ≡ R, in which case m2(m) = R
−2m2.
Our definition of {f (m)(x¯)} leaded us to a concrete expression of p
(mr)
ν¯ , Eq. (25), and so it completes the definitions of
the KK curvatures F
(m)a
µν¯ and F
(m)a
µ¯ν¯ , thus determining the mass spectrum that originates in the KKM. The masses for
the gauge fields A
(m)a
µ , nested in the lagrangian LYMv-s , are straightforwardly found to be m(m), but the determination
of the KK scalar masses deserves further commenting. Bilinear scalar terms, conceived within the second term of
LYMs-s , show up as mixings of scalars A
(m)a
µ¯ . These mixings occur through n × n symmetric mass matrices (one per
each KK index (m)) M
(m)
µ¯ν¯ = m
2
(m)δµ¯ν¯ − p
(m)
µ¯ p
(m)
ν¯ . Diagonalization of M
(m)
µ¯ν¯ , by which the KK scalars are lead to
the mass-eigenstates basis, yields M
(m)
µ¯ν¯ → diag(m
2
(m),m
2
(m), . . . ,m
2
(m), 0), which reveals a quite relevant aspect of the
set of KK scalar fields: while in the mass-eigenstates basis (n− 1) KK scalars A
(m)a
n¯ (n¯ = 1, 2, . . . , n− 1) have mass
m(m), one of them, A
(m)a
G , turns out to be massless. SM gauge-boson masses, originated in the EHM, are given as
the product of a dimensionless constant and a dimensionful energy scale, in this case the vacuum expectation value
v. Kaluza-Klein masses, m(m) = R
−1(m2)1/2, generated by the KKM, share this feature, as they are given as the
product of dimensionless constants (m2)1/2 and the compactification scale R−1, with mass units. The massless scalar
A
(m)a
G behaves as a pseudo-Goldstone boson, in the sense that it is completely removed from the theory by fixing the
gauge as α(m)a = A
(m)a
G /m(m), with respect to the non-standard gauge transformations, which resembles the case of
the unitary gauge in the Higgs sector of the SM. All our discussion, and in particular that on the KKM, has been
performed around the YM theory. In the richer context of the SM (4+n)-dimensional extension, SSB happens in
addition to the KKM, and fields with KK masses receive a further contribution from the EHM, thus defining masses
given by m2
ϕ(m)
= m2
ϕ(0)
+m2(m) for the KK excitations ϕ
(m), of the low-energy dynamic variables ϕ(0), whose mass
is mϕ(0) .
In a theory that involves a Higgs sector, with SSB implemented by a constant vector Φ0 that defines a point in a
minimal-energy hypersurface, a gauge group G, of dimension dG, is broken down to some subgroup H , of dimension
dH , resulting in dG−dH broken generators that are in one-to-one correspondence with dG−dH gauge fields acquiring
masses and dG − dH gauge parameters defining nonstandard gauge transformations. Collaterally, dG − dH pseudo-
Goldstone bosons arise. Any massive gauge boson points towards the direction of a broken generator of G, whereas
the remaining dH gauge fields of H are aligned with the directions of dH unbroken generators of G, which define the
Lie algebra of H . In KK theories, the Casimir invariant P¯ 2 defines the discrete basis {|p(m)〉}. An analogy between
this eigenket basis and the aforementioned basis of gauge Lie-group generators can be established. Each eigenket
1 A detailed discussion, including explicit expressions, will appear elsewhere [21].
6|p(m) 6= 0〉 is the analogue of a broken gauge-group generator of G, although the set of momentum eigenkets involves
an infinite number of directions, while the set of generators of a gauge Lie group is finite. In fact, associated with each
|p(m) 6= 0〉 there is a massive gauge field A
(m)a
µ , a gauge parameter α(m)a defining nonstandard gauge transformations,
and a pseudo-Goldstone boson A
(m)a
G . In this analogy, the “base state” |0〉 plays the role of an unbroken gauge-group
generator in the sense that a gauge field pointing in this direction remains massless.
To construct the eigenket basis {|p(m)〉}, we used the Casimir invariant associated with the translations subgroup
of ISO(n), which was appropriate for practical purposes. In a broader context, the (n + 1)/2 Casimir invariants of
this group [22] can be used to construct a more general basis, with eigenkets |p(m), σ〉, where σ labels, collectively,
other eigenvalues. It is then clear that the ISO(n) generators Pµ¯, Jµ¯ν¯ and the generators Jµν¯ (no group), which are
ISO(1, 3 + n) generators that do not belong to ISO(1, 3), are broken in the sense that (Pµ¯, Jµ¯ν¯ , Jµν¯)|p
(m), σ〉 6= 0,
whereas the ISO(1, 3) generators are unbroken: (Pµ, Jµν)|p(m), σ〉 = 0. Independently of broken generators, in our
basis there is a one-to-one correspondence between eigenkets |p(m)〉 and triplets (A
(m)a
µ , A
(m)a
G , α
(m)a), in the sense of
Fourier multi-indices. The KK massive gauge fields lie along the base kets |p(m)〉. In both SSB and the KKM, the
physical content is a matter of scales: at energies of order R−1, we use the ISO(1, 3) description, but ISO(1, 4 + n) is
used at energies far above of R−1, which corresponds to distances so small that compact dimensions seem infinite.
This letter has been devoted to discuss the concepts of hidden symmetry and the mass-generating Kaluza-Klein
mechanism, both of which incarnate essential elements of Kaluza-Klein effective theories, whose origins are field for-
mulations in spacetimes with extra dimensions. We argued that symmetries in extra dimensions are hidden through
canonical transformations ISO(1, 3 + n) 7→ {ISO(1, 3), ISO(n)} 7→ ISO(1, 3) that change the extra-dimensional per-
spective by a description in four dimensions. The dynamic variables of the resulting effective theory are representations
of SO(1, 3), which include an SU(N,M4) gauge field, Kaluza-Klein vector fields, a set of Kaluza-Klein scalars and
pseudo-Goldstone bosons. While the hiding of ISO(1, 3 + n) into ISO(1, 3) and the corresponding definition of 4-
dimensional variables, by the second canonical map, is independent of the geometry of the compact extra dimensions,
the presence of a constant function in such a change of variables is mandatory in order to establish which are the
dynamic variables and gauge parameters that characterize the low-energy theory. From the 4-dimensional viewpoint,
some extra-dimensional gauge degrees of freedom behave as matter fields, which, unprotected by gauge symmetry in 4
dimensions, become massive. Kaluza-Klein mass terms naturally emerge from the very gauge structure of the theory
in extra-dimensions, without the need of introducing extra degrees of freedom. The resulting mass spectrum arises no
matter what the geometry of the compact extra dimensions is. Nevertheless, we showed that the extra-dimensional
squared-momentum Casimir invariant, which is an observable associated to the inhomogeneous group of translations
in the extra dimensions, provides a set of wave eigenfunctions that, together with the boundary conditions that char-
acterize the geometry of a given compact manifold, sets a Kaluza-Klein mass spectrum that is consistent with the
decoupling theorem.
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